We give new lower bound and upper bound for Papenfuss-Bach inequality and improve RuehrShafer inequality by providing a new lower bound.
Introduction
proposes an open problem described as follows. Ge gives a lower bound of the above inequality in 3 as follows. Besides, Bach 2 obtain the improvement of the Papenfuss-Bach inequality as another one.
In this note, we firstly obtain better bounds for Papenfuss-Bach inequality as in the following statement.
1.5
And then we give the refinement of the Ruehr-Shafer inequality as follows.
Remark 1.7. Since 256/π 2 · 513/511 − 8π 2 /3 ≈ −0.2792 < 0, we know that the upper bound in the inequality 1.5 is better than the one in 1.3 . At the same time, we find that the lower estimate in 1.5 is larger than the one in 1.3 on the interval 0, 1.169880805 meanwhile the lower estimate in 1.3 is larger than the one in 1.5 on 1.169880805, π/2 . 
Lemmas
Proof. By using Lemma 2.2, we have
2.4
We calculate
2.5
The proof of Lemma 2.3 is completed.
Lemma 2.4. Let |x| < π/2. Then
3. The Proof of Theorem 1.5
The proof of Theorem 1.5 is completed when proving the truth of the following double inequality:
3.1
We firstly process the left-hand side of the above inequality. We compute that for n ≥ 3 and n ∈ N .
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We calculate a 3 ≈ 0.0100 > 0 and a 4 ≈ 0.0049 > 0. For n ≥ 5, by using Lemma 2.1, we can estimate a n as follows: a n > 2π 
3.4
Since, for n 5, 6, . . ., we have 256
so a n > 0 for n ≥ 5 and n ∈ N . Combining with the results of a 3 and a 4 , we finish the proof of the left-hand side of inequality 3.1 . Now, Let's discuss the right-hand side of inequality 3.1 by taking the same method. We compute that 
3.8
We can reckon that, for n 4, 5, . . . 
